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Abstract 

The arbitrary mass scale in the spectral action for the Dirac operator in 
the spectral action is made dynamical by introducing a dilaton held. We 
evaluate all the low-energy terms in the spectral action and determine the 
dilaton couplings. These results are applied to the spectral action of the 
noncommutative space dehned by the standard model. We show that the 
effective action for all matter couplings is scale invariant, except for the 
dilaton kinetic term and Einstein-Hilbert term. The resulting action is almost 
identical to the one proposed for making the standard model scale invariant 
as well as the model for extended inhation and has the same low-energy 
limit as the Randall-Sundrum model. Remarkably, all desirable features 
with correct signs for the relevant terms are obtained uniquely and without 
any hne tuning. 


1 Introduction 


It is known that the standard model of strong and electroweak interactions is 
classically almost scale invariant, and that the only terms that break the di¬ 
latation symmetry are the mass terms in the Higgs sector. Scale invariance 
of the classical Lagrangian can be achieved by introducing a compensat¬ 
ing dilaton held [1], [2], [3]. Breaking of scale invariance occurs after the 
electroweak symmetry is broken spontaneously through the generation of ra¬ 
diative corrections to the scalar potential. The dilaton mass scale is much 
larger than the weak scale and could be as large as the GUT scale or Planck 
scale. This leads naturally to consider the coupling of the dilaton to gravity. 
The dilaton is always part of the low energy spectrum in string theory. His¬ 
torically it hrst appeared in the Jordan-Brans-Dicke theory of gravity which 
corresponds to one particular coupling of the dilaton to the metric [2]. The 
dilaton plays a fundamental role in models of inhation [4]. It also appears in 
the gravitational couplings of the noncommutative Connes-Lott formulation 
of the standard model [5], [6],[7], [8], where the dilaton is the scalar held that 
couples the two sheets of space-time. The resulting matter interactions in 
this case are also scale invariant, and the gravitational couplings are differ¬ 
ent than the Jordan-Brans-Dicke theory. More recently, a scalar held, the 
radion held, appeared in the Randall-Sundrum scenario (RS) of compactih- 
cation [9] which is related to the question of masses and scales in physics. 
The RS scenario was shown to be equivalent to the results derived from non¬ 
commutative geometry, [10], which is not too surprising, because both the 
Connes-Lott model and the RS model, describe a system with two branes. 

At present, and within the noncommutative geometric picture, the spec¬ 
tral action gives the most elegant formulation of the standard model [11], 
[12]. All details of the standard model as well as its unihcation with gravity 
are achieved by postulating the action 

TraceF -|- (T \D\ T), 

where D is the Dirac operator of a certain noncommutative space and T is a 
spinor in the Hilbert space of the observed quarks and leptons. However, the 
dilaton held does not appear in the spectral action, which is to be contrasted 
with the Connes-Lott formulation of the noncommutative action where the 
dilaton held is part of the gravitational interactions. This suggests that 
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the Dirac operator used in the construction of the spectral action should be 
modihed in order to take into account the presence of the dilaton. 

The appearance of the dilaton held in physical models is related to the 
question of mass and scales. It is therefore natural to consider replacing 
the mass parameter in the ratio D'^/w? by a function of the dilaton, thus 
introducing a sliding scale, as the Dirac operator have the dimension of mass. 
This is also relevant when dealing with non-compact manifolds where D 
no longer has discrete spectrum and the counting of eigenvalues requires a 
localization. Let the dynamical scale factor p be written in the form 

p = me'^, 

where we assume that 0 is dimensionless. The dilaton can be related to a 
scalar held a of dimension one by writing 



where / is the dilaton decay constant. The mass scale m can be absorbed 
by the redehnition 

0 —0 — Inm, 

and therefore we can assume, without any loss in generality, that p = e^. One 
can always recover the scale m by performing the opposite transformation 
0 —0 -t- Inm. Now using p instead of the scalar m in the counting of 
eigenvalues : 

N{m) = Dim{D^ < m^} N{p) = Dim{D^ < 
is equivalent to replacing the operator /w? in [11] by 

P = . 

If we insist that the metric be dimensionless to insure that its hat limit 
be the Minkowski metric, then the scale m will explicitly appear in the 
action after rescaling e'^ —> me'^. Otherwise we can absorb this mass scale 
by assuming that the metric has the dimension of mass. 

The aim of this paper is to determine the interactions of the dilaton held 0 
with all other helds present in the spectral action formulation of the standard 
model. Because of the spectral character of the action, it is completely 
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determined from the form of P and there is no room for hne tuning the 
results. It is then very reassuring to hnd that the resulting interactions are 
identical to those constructed in the literature by postulating a hidden scale 
invariance of the matter interactions [3]. These are also equivalent to the 
interactions of the radion held in the RS model [9]. All of these results now 
support the conclusion that space-time at high-energies reveals its discrete 
structure, and is governed by noncommutative geometry. The plan of this 
paper is as follows. In section two we briehy review the derivation of the 
spectral action and comment on the modihcations needed to include the 
dilaton. In section three we derive the Seeley-de Witt coefficients of the 
spectral action in presence of the dilaton. In section four we give the full 
low-energy spectral action including dilaton interactions specialized to the 
noncommutative space of the standard model. In section hve we compare 
our results with those obtained by imposing scale invariance on the standard 
model interactions, to the RS model and the model of extended inhation. 
Section six is the conclusion. The appendices contain detailed proofs of some 
identities used. 


2 A summary of spectral action 


We begin by summarizing the results of [11]. The square of the Dirac operator 
appearing in the spectral triple of a noncommutative space is written in the 
following form suitable to apply the standard local formulas for the heat 
expansion (see [13] section 4.8). 

D^ = -{g^''Id^d, + A>^d^ + B), ( 1 ) 

where g'^‘' plays the role of the inverse metric, I is the unit matrix, and 
B are matrix functions computed from the Dirac operator. The bosonic part 
of the spectral action can be expanded in a power series as function of the 
inverse scale m, and is given in dimension 4 by 

Trace {F {D‘^/m‘^)) {D‘^/m^) , 

n>0 
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where F is a positive function and 

OO OO 

fo = jF (u) udu, f 2 = jF (u) du, ( 2 ) 

0 0 

/2„+4 = (-irF^"U0) , n>0. 

The positivity of the function F will insnre that the actions for gravity, Yang- 
Mills, Higgs couplings are all positive and the Higgs mass term is negative. 
We will comment on the positive sign of the cosmological constant at the end 
of the paper. 

The first few Seeley-deWitt coefficients are given (see [13] 

Theorem 4.8) by^ 

ao (D^/m^) = j d'^x./gTril), (3) 

M 

02 (FVm^) = ^j d^x^Tr , (4) 

M 

04 (FVm^) = j d^x^Tr (-12F; + 5R^ - (5) 

M 

+ 2R^^p,R>^''P^ - mRE + 180^2 + 60F.^ + 30 

while the odd ones all vanish 

a2n+i [p^lrr?) = 0 . 

The notations are as follows, one lets [g) be the Christoffel symbols 
of the Levi-Civita connection of the metric g and lets 

(g) = {g) 

The connection form oJ, its cnrvature hi, and the endomorphism E are then 
dehned by (see [13] section 4.8) 

= \a,^ ( 4 - + T- (g) I ), ( 6 ) 

dyiO^ "h [c0^,C0j/] , (7) 

E = B-gP^ - T^, {g) . (8) 

^According to our notations the scalar curvature R is negative for spheres (see [13] 
section 2.3) and the space is Euclidean. 
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To understand algebraically the dependence in the operator D it is convenient 
to express the above coefficients as residues and this is done as follows in the 
generality that we need. One lets P be a second order elliptic operator with 
positive scalar principal symbol and dehnes a zeta function as 

Cp(s) = Trace (p-^/^) 

One then gets in the required generality for our purpose the equality 

4 

Tfl 

Trace (P(P/m^)) ~ — Res 5=4 Cp('S)/o 

2 

777 

+ ReS5=2 Cp('S)/2 + Cp(0) /4 + ■ ■ ■ • 

which, using the Wodzicki residue which is given independently of D by 

It= Res,=o Trace (9) 


can be written as 


Trace (P(P/m^)) ~ /o 


m 

y 




p-2 

1-1 


( 10 ) 


P + fi Cp(o) + ■ ■ ■ 


We want to compute the spectral action associated with the operator P = 
g- 0 £) 2 g-(/) j g (determine the dependence of the spectral action on the 
dilaton field 0. The hrst term ^ P~^ is a Dixmier trace and one can permute 
the functions with the operators withont altering the result since the Dixmier 
trace vanishes on operators of order < —4. One thus gets, for any test 
function h, 

' hP-^ = / he^^D-^ 


which shows that we get an overall factor of multiplying oq {x, D^). For 
the second term^ P~^ we have 


hp-i = = -h he^’^D-^ 


using the trace property of the residue and again we get an overall factor of 
mnltiplying 02 {x,D‘^). Note that the resnlt remains valid when the test 
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function h is taken with values in endomorphisms of the vector bundle on 
which P is acting. This suggests that the invariance of the 02 term (up to 
the scale factor) takes place before taking the hberwise trace. The direct 
computation below in equation (18) will conhrm this point . 

The term /4 Cp( 0) is more tricky to analyze and we shall only give now 
a heuristic argument explaining why it should be independent of 0. We 
shall then check it by a direct calculation. The formal argument proceeds as 
follows. First one lets 

P(t) = e-*'^ 

so that T’(O) = and T’(l) = P with the above notations. Let then 

Y{t) = LogP(t) - LogP(O). 

Using the equality ( a > 0 ) 

00 

0 

applied to P{t) one obtains the relation 

00 

L Y(t) = - f (P(t) + Pit) + Pit) 4,) (Pit) + X)-^d\. (11) 

0 

One then shows that 

jY(t)= -2 4,+ [P(t),C(t)], ( 12 ) 

where C{t) is a pseudodifferential operator (see appendix A). Thus one gets 
a similar expression 


Y = Y{1) 


—2 (j) + 


j |F(i),C(i)]*, 

0 


( 13 ) 


Next one uses the expansional formula 

CXD p 

eA+B e-^ = J2 B{h) B{t2) ... B{tn) H 
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where 


Bit) = 

One lets A = —sLogP(O) and B = —sY. This gives an equality of the 
form ^ 

p-s^^-2s_s f a.stiY) dt 

Jo 

oo „ 

where 

(JuiT) = (P)2)“T(P)2)-“. 

One infers from this equality and the absence of poles of order > 1 in the 
zeta functions of the form Tr [Q that the terms of order n > 1 in s will 

not contribute to the value at s = 0. Thus the following should hold 

Cp(0) - Cd»( 0) = -i/r 

and using (13) one gets 

Cp( 0) ~ Cp2(0) = j- 4> = 0, 

since the residue vanishes on differential operators. It would take a lot more 
care to really justify the above manipulations. Instead, in the next section, 
we shall show by a brute force calculation that 04 is independent of 0 so that 
the above identity is valid. 

We thus see that in the hrst few terms of the spectral action, the only 
modihcation we expect when the operator is replaced by P is to get an 
overall factor of multiplying (x, D‘^) : 

6 

Trace(F(P)) - P^) + ... 

n=0 

Also as will be shown in appendix B, we have the identity 

a„(a;, = a„ (x, = a„(a;, e“^'^P^). 

It is easy to check that by applying the inverse transformation 0 —> 0 + In m 
one recovers all the m scaling factors obtained in reference [11]. In the next 
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section, we shall confirm this result by directly evaluating the spectral action 
associated with the operator P and in particular the low-energy terms Oq, 02 
and 04 . We will not attempt to evaluate higher order terms as these are not 
needed in our analysis. 

3 Dilaton and Seeley-deWitt coefficients 


We compare quite generally the Seeley-deWitt coefficients of an operator 
Pq = given by (1) and those of the rescaled operator P = We 

use the rescaled metric G in the Einstein frame, where the dilaton factor is 
absorbed in the metric. First we write 

P = ^ ( 14 ) 

where 

B = e-^^B + {d^<pd,<p - d^dA) - 

The Seeley-deWitt coefficients for a„ (P) are expressed in terms of £ and 
dehned by ( 6 ) so that, 

£ = B-G>^'^+ Z7;zy,- ( g ) z/,) , 

Z7^ = ^G^(A'' + r''(G)), 

y dyiO ^ -|- \U CU j/j . 

These relations imply that 

+ -G^yT^ (G). 

The conformal transformations of the Christoffel connection give 

Kp (G) = Kp {9) + {W + - 9upg^^d„<f ), 

(G) = e-2'^r^ {g) - 2e-^'^g^‘'dy(j). 



Using these relations we finally get 


(15) 

(16) 


^ ^fi 2(9^0, 

e = e-^ {E + rr (vjv;,). + , 

where the covariant derivative is taken with respect to the metric g. It is 
quite striking that the perturbation is only a scalar multiple of the identity 
matrix and does not involve the endomorphisms at all. 

The term oq only involves \fGTi{l) which, when expressed in terms of 
the metric g gives Tr(l). 

The 02 term is proportional to 

j d^xVGTr (^S - , 

where the curvature scalar is constructed as function of the metric G. We 
now use (16) and the relation 

R (G) = e-"* (R (g) + 6g'“' (V>V«4' + &,<('&.</')) (17) 

to obtain at the level of endomorphisms (before taking the fiberwise trace) 

£ - Ifi (G) = (j) j , (18) 

This of course implies the required rescaling of the 02 term in the required 
generality, but it is more precise since it holds before taking the trace. We 
shall use this more precise form in the proof of the invariance of the 04 term. 
The term 04 (P) is given by 

- 2^/7-(G)P^" (G) + (G) R^^P-{G)) 

-60P (G) S + 180^2 + 30f2^^Op,G^^G^'"] , 

where we have omitted the total derivative terms 12 (—P (G) + 5T).^ ^. Since 
the modification from to u'^ is abelian (15) we get 

and 
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Next we group the terms 


180 - m£R{G) + (G) = 180 (^S - {G)j , 

which yields upon using equation( 18) 

180e-^^(^E-^R{g)^ . 

We are left with the terms 

30 (G) + 2R,,p^ (G) 

We now use 


30 Tr {n^,np,G^<^Gn = 30 e-^'^Tr . 

-2i?^,(G)i?^" (G)+2i?^,,. (G) R^^P-{G) = -i?(G)*i?*(G)+3 G,,p, (G) G^^p^ (G) 

In deriving the last relation we made use of the two identities 

D* D* d2 d2 a td2 

H H ti 


flU'! 


^2 _ _ d2 _ d 2 _ o d2 

^p,up<j -^pvpa ^■^p.ui 


where G^i^po- is the conformal tensor and 


R*R* = 


4v^ 


xi? 

^ap^d^^pi/ ^^pa 


These imply 


C)2 _ 9/^^ _ P* P* _L _ P^ 

^p,up<j ^^piVpa 3^ ’ 

111 
C)2 _ /^2 p* E?* _L E?2 

pi^vpu 2^ ^ 3^ 

The square of the conformal tensor is known to be conformal invariant 


d"a;v^Gp,p. (G) G^^p^ (G) = / d^x^G^^p, {g) G^^p^ {g). 
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The topological Gauss-Bonnet term is metric independent and therefore con¬ 
formal invariant 


J d^xVGR{G)*R* (G) = j d^x^R{g)*R* {g), 

and this can be rewritten as 

This shows that the 04 term has the expected invariance under the rescaling 
of the operator Pq ^ P = e~‘^ Pq 

4 Spectral action with dilaton 


We now use the result of the previous section to compute the spectral action 
with dilaton as a function of the rescaled metric G in the Einstein frame, 
where the dilaton factor is absorbed in the metric. 

The lowest term in the spectral action is given by: 

i|/„ j rfVVse-* = I d‘xVG. 

(Note that the dimension of the bundle on which the operator is acting is 
4 X 3 X 15 where the 4 is the dimension of spinors, 3 the number of generations 
and 15 = 4 X 3 -|- 3 is the content of each generation). 

The next term in the spectral action with dilaton of the standard model 
is, in terms of the original metric g : 

jT/2 j (^R (,j) - . (19) 

We can transform this back to the Einstein frame with metric G^y so that 
the curvature scalar term has no scale factors in front of it. Using (17) with 
g ^ G and 0 — —(f) the curvature R (g) is 

R (g) = (R (G) + 6 G"" + d,4>dA )), 
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and we obtain 


j {g) = J d^xVG {R (G) + 6 + 9^09,0)) 

d^xVG {R (G) + 6 G>^‘'d^(j)d^(j)) 

after integrating by parts. The 02 term (19) thus becomes 

j d^x^/G (^^R (G) + y 0.0 - 2y^H'*H'^ (20) 

where we have defined 

H = e‘^H\ 

so that the only appearance of the dilaton 0 is through its kinetic energy. 

Let us pause a bit and discuss signs at this point. For a positive test 
function F the coefficients /o, 02 , 04 are all positive. It is important that 
the Einstein term J d!^x\/G R (G) appears in (20) with the correct sign for 
the Euclidean functional integral, and that the kinetic term for 0 namely 
/d^a;yGG^^ 0 ^ 00.0 appears with a positive coefficient in ( 20 ). 

The next term coming from 04 (x, P) is unchanged for the spectral action 
with dilaton, and thus given independently of 0 by [ 11 ], 

A j (Hi? (g) ( 9 ) - 18C„ (g) ( 9 ) cXV’a'^a'’^) 

+ si- {D^H’D,Ha‘“' -^R(a)H’H 

+ (alGiff^ + 92^“ F“ + a'-V + 3z^ (H-Hf'j 

where we have omitted total derivatives as they only contribute to boundary 
terms. Let us show that we can rewrite this term in the following way as a 
function of the metric G^. by making use of the conformal invariance of 04 : 

A j (Hi? (G) *R* (G) - 18G^.,. (G) G^^y^s (G) G^“G"^G^G"'') 

+ 3y^ (^D^H'*D^H'Gf^^ - ^R (G) H’*H' 



12 



The terms which only involve the metric are conformal by construction. 
The same holds for the terms which involve the gauge fields since the Yang- 
Mills action is conformal. Thus we need only to take care of the terms that 
involve the Higgs fields. We have to show that the following expression is 
unchanged hy g ^ G and H ^ H', 

j {g) . 

To see this we first rescale the kinetic energy of the Higgs field 

= {d^,H'*D,H' + d^ct)H'*D,H' 

+D^H'*H'd,ct) + H'*H'd^ct)d,ct)) . 

The conformal coupling of the Higgs field to the scalar curvature transforms 
as 


~^R{g)H*H = [r{G) - ((V^V.)''0 - 9^09,0)) . 

After integrating by parts the term 


j d^xVGH'*H' 


we find that all cross terms cancel, thus obtaining 


j (fx^ (^g^''D,H*D,H - ^R {g) H*H 

= j (fxVC H'*H^ . 

The quartic Higgs interactions are evidently scale invariant 
[ (fx^{H*Hf = [ d^xVG{H'*Hf . 


Collecting all terms, the low-energy bosonic part of the spectral action with 
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( 21 ) 


dilaton is given by 

= ^2fo I 

+ ^/2 I d^xVG (^Ir{G) + - 2y^H'*H'^ 

+ ^J d^xVG (^-^inRiG) *R* (G')-18C'^,p.(G')C'^""" (G)) 

+ 3y‘^ (^D^H'*D^H'G^^ - ^R (G) H'*H^ 

+ {glGl^Gl^ + C + l9lB,uB,}j G^^G- + 3;^^ . 

For higher order terms one expects a scaling factor of the form to 

be present, but derivatives of the dilaton held 0 may also occur. Therefore 
in the Einstein frame, one does no expect the dilaton held 0 to acquire a 
potential. As will be discussed later, this will change when quantum cor¬ 
rections are taken into account and the dilaton acquires a potential of the 
Coleman-Weinberg type [14]. 

Fermionic interactions take the simple form 




d‘‘x^<tDW, 


where the metric gf^u is used to insure hermiticity of D. We will now show 
that the fermions will not feel the dilaton. To see this we hrst redehne the 
spinors by 

then we have, for the parts not involving the Higgs or gauge helds. 



where the rescaled vierbein is = e‘^e“ . We have to express the spin- 
connection (e) in terms of the spin-connection of the rescaled vierbein 
{E). To do this we use the equations 

d^^el - d^el - cu (e) e^b + (e) e^b = 0, 

d,E: - d,E; - {E) E,b + {E) E,b = 0, 
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and these imply that 

(e) = Sj;" (E) + {ey” - ey^) BA- 

Therefore 

7'ef {^dA + y;” y (E) 7^ j , 

and the fermionic action reduces to the nice form 

I + if];' {E) T' 

which is independent of the dilaton. Finally the parts involving interactions 
between the fermions and the Higgs or gauge helds could be written in the 
form 


= [ d'^xVGWj^E^A^^'. 


The fermionic interactions are 


If = {Q\Dg\Q) + {L\D^\L) 



where 

^ Ul\ 

\ “H / 

and these take exactly the same form as those without dilaton when expressed 
in terms of the metric G^y. Rewriting this in terms of the fermionic helds 

Q' = e-5'^g, L' = e-^^L, 

and the Higgs held E[' we obtain 

If = j d^xVG (ld[L'+ q'd'^Q' 
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where [11] 


Di = 


^ ^ 7^ (g) [Df, (g) I 2 - f5f2-4"(T" + IgiBf, (g) I 2 ) (g) I 3 75 ® /c® ® H' 

75 ® k*^ ® H*' Y ® {Df, + igiB^) ® I3 


7 ^ 0 (g) I 3 -f5®k^® H' 

D'q= \ 75 ® k*^ ® H*' Y ® {Df, + ® I 3 

75 ® k*^ ® H'* 0 

+ 7 "*® I4® I3 ® , 


-y5® k^ ® H' 

0 

Y ® [D^ - ‘^giB^) ® I 3 


and 


7^ = rEi 

D, = a„ + Y(E)'u, 

y®' = -D„ ® I 2 - - g9iB„ ® I 2 . 

From the above considerations we deduce that the only effect of the dilaton 
on the low-energy terms of the spectral action is that the dilaton gets a kinetic 
term with no other interactions. This conhrms that all matter interactions 
in the above Lagrangian are scale invariant when expressed in the rescaled 
helds H' and T'. Only the Einstein term and the dilaton kinetic energy 
are not scale invariant. 

Note that the invariance of the action for the Fermions, that is the equality 

(T|I1|T) = (T'lD'lT')' (22) 

where D' corresponds to the metric G and the helds H', does not mean that 
the operators D and D' are the same. Indeed the transformation T —> T' is 
not unitary and one has 

(^'l^y = (^ je'^l T) (23) 

which gives the unitary equivalence 

D' ~ D (24) 
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One might then be tempted to conclude that the square of D 
should be unitarily equivalent to P = e~‘^ e~‘^ but this does not hold 

precisely because of the additional kinetic term in the spectral action with 
dilaton. Indeed one can prove (Appendix C) in the general framework of 
spectral triples, with a minimum amount of hypothesis, the identity 

= j- D ^ [D, e'^][D, e^]* (25) 

with D' = D the last term gives the canonical kinetic energy of 
the dilaton 

with the correct sign. 

5 Applications 


We have shown that the dilaton interactions of the spectral action are almost 
the same as the ones proposed in the literature [2], [3], the difference lies in the 
derivative couplings of the dilaton held. These were obtained by requiring 
the standard model matter sector to be scale invariant by introducing a 
compensating dilaton held. The origin of the dilatational symmetry breaking 
are the mass terms of the Higgs potential, and these are scaled with the 
dilaton held to make them scale invariant. In a curved space-time all helds 
couple to gravity, and the dilaton. The proposed action for the gravity- 
dilaton-Higgs sectors, in our notation, was derived to be^ [3], [4] 

/ = /rfVVG +1 (i + 

- Ho .) 

There it was shown that in curved space-time this corresponds to the Jordan- 
Brans-Dicke theory of gravity. The only diherence between this action and 
the spectral action is that the later has the conformal coupling 

^This expression is in the conventions of [4] and is in Minkowski space. 
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which is necessary to make the matter couplings scale invariant. A slight 
modification was also proposed in the study of models of extended inflation, 
by also considering the possibility of modifying the Higgs sector by taking 

[4] 

e7^G>^''D^H*D^H - el^Vo {H*H) 

This differs from the spectral action by the appearance of derivative couplings 
of the form 

It is amusing to note that this alternative proposed action is exactly the same 
action as the one derived for the Connes-Lott gravitational interactions [6], 
[10]. Therefore the two models proposed in the literature for making the 
Higgs sector scale invariant are the same as the interactions obtained for the 
noncommutative standard model, either for the spectral action formulation, 
or the Connes-Lott formulation. We also note that scale invariance of the 
action is broken by the Einstein term and by the kinetic term for the dilaton. 
This is remarkable because it was shown that if the full action is scale in¬ 
variant, then the couplings will not lead to a model with extended inflation. 
Quantum corrections and renormalization conditions break scale invariance 
in the matter sector of the standard model and lead to an exponentially large 
hierarchy between the mass scale / where (j) = ja and the electroweak scale 
without fine tuning. The scale / is normally of the order of the Planck 
scale. The dilaton mass obtained depends on the Higgs mass, but should be 
constrained to be smaller than 10“®ev. 

The noncommutative space of the standard model is obtained by taking 
the product of a four-dimensional Riemannian manifold times a discrete space 
dictated by the symmetries of the Hilbert space spanned by the quarks and 
leptons. The presence of left and right handed fermions provides the intuitive 
picture where these fermions are placed on two different sheets. The gauge 
fields in the discrete dimensions are the Higgs fields, with the inverse of the 
distance between the two sheets interpreted as the electroweak energy scale. 
This picture is similar to the Randall-Sundrum (RS) scenario where the four¬ 
dimensional space is embedded into a five-dimensional space as a 3-brane 
positioned at the points xs = 0 and = nvc where Tc is the compactification 
radius. The action for the Higgs sector in the RS model [9] was obtained to 
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be 


I{g^-D,H*D,H - A {\H\^ - t;^)) 

= j(^r'^D^H'*D,H' - A 

where 

H' = 

in the visible sector located at x^ = TTr^- The physical mass scales are set by 
the symmetry breaking scale v = so that m = The bare 

symmetry breaking scale no is taken to be of the order of the Planck scale 
at 10^® Gev and the scaling factor tuned to be of the order of 10^^ so 
that the low-energy masses are of the order of Tev. The hierarchy problem 
is only partially solved in a technical sense because the tuning could not be 
maintained at the quantum level. A choice of kvc = 10 can generate the large 
scale 10^® Gev. Gomparing the Higgs sectors in the RS action with that in 
the spectral action we immediately see that they are identical provided we 
identify the expectation value of the dilaton held (0) with krcH. 

6 Conclusions 

The Dirac operator being a differential operator has the dimensions of mass. 
The spectral action in noncommutative geometry is dehned as a function of 
a dimensionless operator which is taken to be the Dirac operator divided by 
some arbitrary large mass scale. The arbitrariness of the mass scale nat¬ 
urally suggests to make this scale dynamical by introducing a dilaton held 
in the Dirac operator of the noncommutative space dehned by the standard 
model. To understand the appearance of the mass scales of the spectral ac¬ 
tion, we evaluated all interactions of the dilaton with the matter sector in 
the standard model. We found the remarkable result that the low-energy 
action, when evaluated in the Einstein frame, is scale invariant except for 
the Einstein-Hilbert term and the dilaton kinetic term. The resulting model 
is almost identical to the one proposed in the literature [3],[2],[4]. The main 
motivation in these works is the observation that the standard model is classi¬ 
cally almost scale invariant, with the symmetry only broken by the mass term 
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in the Higgs potential. The symmetry is restored by the use of a dilaton held. 
When coupled to gravity, neither the dilaton kinetic energy nor the scalar 
curvature are scale invariant, leading to a Jordan-Brans-Dicke theory of grav¬ 
ity. The vacuum expectation value of the Higgs held is then dependent on 
the dilaton and is classically undetermined. Quantum corrections break the 
scale invariance of the scalar potential and change the vacuum expectation 
value of the Higgs held. The dilaton acquires a large negative expectation 
value given by —m and a small mass. The hierarchy in mass scales is due to 
the large Yukawa coupling of the top quark. The dilaton expectation value 
can range between the GUT scale of 10^^ Gev to the Planck scale of 2.4 ■ 10^® 
Gev. The hierarchy in mass scales is not possible if the dilaton kinetic energy 
and the gravitational action were scale invariant. It is remarkable that all the 
essential features of building a scale invariant standard model interactions to 
generate a mass hierarchy and predict the Higgs mass are naturally included 
in the spectral action without any hne tuning. It is worth mentioning that 
the scalar potential of exactly the same model considered here was shown to 
admit extended inflation and a metastable ground state. It also evades the 
problems of the original version of extended inflation. 

The vacuum expectation value of the dilaton field is determined by get¬ 
ting contributions from classical and radiative corrections to the vacuum 
energy density. One does not obtain naturally a vanishing cosmological 
constant. There are two possibilities to cure this problem. The first is to 
determine the low-energy value of the cosmological constant as determined 
by the renormaliztion group equations and then hne tune this value to cancel 
the contributions of the Goleman-Weinberg potential. The second possibility 
to cure this problem is to hx the total invariant volume. This restricts gen¬ 
eral relativity to the form considered in [15] where the volume form is held 
hxed. There it was shown that this picture is consistent both at the classical 
and quantum levels [16], [17],[18] . This hxes the total invariant volume and 
eliminates the scalar mode of the metric tensor This is done at the ex¬ 
pense of introducing the dilaton mode 0 [3]. In noncommutative geometry 
the volume is hxed by a Hochschild cycle c whose compatibility with the 
Dirac operator D is a basic constraint on the Hilbert space representation 
giving the metric [19]. One applies the representation to monomials 

TT (/o, /l, / 2 , /3, h) = fo [D, /l] [D, f 2 ] [D, h] [D, f,] , 
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and requires that when applied to the Hochschild cycle c it gives 


7r(c) = 75 . 

The cosmological constant becomes determined by the initial conditions of 
the theory. 

To summarize, we have shown that the spectral action includes naturally 
a dilaton held which guarantees the scale invariance of the standard model 
interactions, and provides a mechanism to generate mass hierarchies. This is 
in addition to the advantages obtained previously in [11] which are now well 
known [12]. There it was shown that all the correct features of the standard 
model are obtained without any hne tuning, such as unihcation with gravity, 
unihcation of the three gauge coupling constants and relating the Higgs to 
the gauge couplings. These results should be taken to support the idea that 
all the geometric information about the physical space is captured by the 
knowledge of the Dirac operator of an appropriate noncommutative space. 

7 Appendix A 

In this appendix we shall prove formula (12). Given an elliptic positive 
invertible second order operator Q and a differential operator T we use the 
notation V(T) = [Q,T] and the following identity (for n > 0) : 

n 

Q-i T = (-1)^ Q~^~^ + (-1)”^^ Q~^ Q-^-^. (26) 

0 

We apply this to Q = P{t) + A, T = 4>P{t) + P{t) 0. The operator V^(T) is 
independent of A and is a differential operator of order < 2 + k since V^(0) 
is at most of order k. Thus the operator V^(T) Q~^~^ is pseudodifferential 
of order at most 2 + k — 2{k + 1) = —k and the remainder in (26) is of order 
at most —n — 1. This shows that when working modulo operators of order 
less than —n we have 

n 

(P(t) + A)-^ T ~ T (P(t) + A)-^ + ^ (-1)^ V^(T) (P(t) + A)-^-^ 

1 

so that 

(P(t) + A)-^ T (P(t) + A)-i ~ T (P(t) + A)-2 
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+ ^ (-1)^ V^(T) (P(t) + A)-^-2 . 
1 

But one has 


(-1)‘ V*(T) (P{t) + A)-‘-" = [P(«), A{t, A)] 


where 

n 

A{t, A) = ^ (-1)^ V^“^(T) (P(t) + A)-^-2 
1 

Thus integrating from A = 0 to cx) and using (11) we get that, modulo 
operators of order less than —n, 

OO 

- J (,l>P(t)+ P(t)^)(P(t) + \)-^d\+ |P(«),Al(i)l 
0 

where 

OO 

A{t) = - j A{t, A) d\ . 

0 

This thus gives 

Ak(«)~ -(,i,P(t)+ P(t),i,)P(t)-^+ [PM.AiWl 

= -2,1,+ |P(i),C(i)l, C{t) ^ A{t) - 4,P(t)-P 

It is important to note that all of the above manipulations hold in the general 
context of spectral triples with simple dimension spectrum. Moreover one can 
prove fairly strong properties of the spectral action in this general context. 


8 Appendix B 


In this appendix we shall prove the identity 

an {x, P) = an (x, Pi) = a„ (x, P 2 ) 
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where P = e~^D‘^e~^ and Pi = , P 2 = It can then be used 

to simplify some of the computations of section 3. 

One simply writes 

P = e-^Pie’^ 

so that 

Trace {P~^) = Trace {Pi^) 

From this the identity an {x, P) = an {x, Pi) immediately follows. 

One can also do a direct check as follows, one first writes 

P = -{G^’^Id^dn + A^d^ + I3) 

P^ = -(G^^-Id^d^ + A^id^ + Bi), 

where 

G^^'^ = 

B = e-^^B + G>^^ {d^<pdn<p - d^dA) - 

- 2G^^’^dn(p, 

- AG^'^dn^ 

Bi = e-^^B + ( 2 ( 9 ^ 09^0 - ( 9 ^( 9 ^ 0 ) - 2e-^^A>^d^(j) 

These relations imply 

A^ = A>^- 2G^"9,0, 

Bi = B+G>^^ {d^<t>dn<t> - d^dn<t>) - A>^d^4> 

We also have 

(^)) 

= ui'f, - d^(j) 

so that 

Bi = Bi — G^^ (^df^uj'in + tu'i^uj'in — T^^ (G) Uj'ip) 

= S 


Similarly 


n 


Ifiiy — 


^fiiy 


and the equality of the Seely-de Witt coefficients follow from the fact that 
these depend only on S, and the curvature tensors are functions of the 
same metric G^y. 
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9 Appendix C 


In this appendix we shall show (25) and the appearance of the kinetic term in 
the general framework of spectral triples using the following manipulations. 
One has 

D = -j- e^D-^e‘^D-\ (27) 

Also 

D-^e‘^ = e‘^ D-^ - D-^[D, e‘^]D-\ (28) 

which allows to write (27) as 

J- D = j- [D, e^]D-‘^, (29) 

and using (28) again, 


- f e‘^D-^ [D, e‘^]D 


-2 


[D, e^] D-^- 


D-^ [D, e^] D-^ [D, e^] D-^. 


The hrst of the two terms vanishes since the residue is a trace. The second 
is given by 


- f D-^ [D, e^] D-^ [D, e^] D 


1-2 


[D,e^fD-^+R, (30) 


where R is the remainder 


R 


[D^, e^] D-^ [D, e^] 


Let us show that 

R = ~ j- [D^, e^fD-^. 

To see this write 


R 


D-'^ {D‘‘, e*]DD-'‘ [D, e^] 


(31) 


(32) 


and note that the commutator of D with [Z1^, e^] is equal to [Zl^, [Zl, e’^]] 
and has order 1 so that 


D-^ [D, e^]] D-^ [D, e^] D 


-2 


0 . 
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Thus moving D to the left and using the trace property of the residue one 
gets 

R= j- 

and one obtains (31). Summarizing, we have shown the equality 

j- ^ e^‘^D-^+ j- [D, D-^ - ^ j- 

Thus to obtain (27) one just needs to prove the equality 

j [D,afD-^= J- [D^,a\‘^D-^, (33) 

and apply it to a = One can check (33) directly in the Riemannian 
case by computing the residue as the integral of the principal symbols on 
the unit sphere bundle. The factor 2^ from the Poisson brackets [D"^, a] is 
compensated by the integral of on the sphere which gives In the general 
framework of spectral triples one gets (33) from the general hypothesis 

j- a [D, b] D~^ = 0 , Va, b G A. 

Note that the commutator [D, is skew adjoint and in particular [D, e'^]* = 
— [D, e*^]. Thus we get the correct sign in 

^ ^ ^-4>i2y2 ^ ^ ^ e'^]* D-^. ( 34 ) 
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